
Lecture # 17
=

Prot Refer to Ch . 8 of the Boon I Sent via

e
=

Why bother about contraction maps ?

-

Proposition : Let F be the class of all functions¥
.  . xn3i→iR . Define 11211g : =

⇐miaxnlzcil and

the nonlinear map T : F tf as

←e) Lil :=uinfu{ can ) tf tinted
.

P - oof .

P .
148

Then TC . ) is a
contraction .

in eh .

8 of the# hint
.

Recap : Bellman 's eq=/DP eat . fon
-

Infinite horizon discounted cost



OI :

Zein Ew [ Eat is
"

a Er
. , Friend

assume In iid
.

s . t
.

Eat ,
= fu C Za

, Lu
,

a )
.

DF eat . . ( nonlinear algebraic eat . )
-

a

Waste) = min E.IEEE, E) tpwgf-E.e.FIUEU
-

-

- - -
-

-

T '
I

speeialcaseofbellman-seaf-7.IE
.*÷÷÷÷÷



Them Bellman 's eats : IDP eat :

Wali) = amine [ dive ) t PEEK; Walid
[ = I

,
r . .

,
in

-
The proposition sags the

RHS
,

thought of as a nonlinear

operator  

g-Wµ ,

is a

contraction
.



Theorem
-

:

(1) There exists unique soft @al11WaC21.r . .

,
WINDT

to the set of
nonlinear eats

.

.

Wa =

aint Ecce .us t PIE
,

Pij Cus Wahid
,

, Ii E n
.

(2) The answer -1 unique so E- from satisfies :

Wales -
. jiff

'EK { EE ekaen.am/ao=ig
-

Cost - to - G o

GI Tae map T
, defined as



Tfi ) =uiIf{ debt B II. P ED Us
. B

,

it
. .  . in

in a contraction w
.

v. t
.

norm 11211 II.aexukil.

⑥ lion ⇐ e) Cis - Wadi ) t i -4
,

. . .

, u

need fo - any Z
.

(5) If zees =L te
,

them ⇐ 2) cit-W.nl !
" I

z =Zeros ( n
,

I )

where wncis-jzfEEEE.io" " ng!
.



• Everything we said So far holds even if

N Cstate space ) is countable fell

is compact .

-

Next Main result :

-

We say a Markov policy is stationary )
find -

invariant if

{ Io
,

I
,

,
. . . . } = { I

,
I

,

I
,

. . . . }
-

Infinite sequence

of functions

Result Stationary policy is optimal

for Infinite honiz .

,



Algorithms .

-
-

Value Iteration Policy Iteration
- -

Good :*Guaranteed convergence Finite step
• Rate - of - convergence Convergence .

Ba

.us?ou3eII::*./E.#.EY:kaisa.e.convergence but also a monotone

( Simply implement
( nonlinear ) operation

the contractive C. e.) If z E I
,

iterates )
e. g.

choose
arbitrary then Tz STE

i-aen.EE#'--wFEtfwht
'

IEEE.ae#eaaptsp:e.sFinaek--o

,
e ,- . . . policy I from a finite set

.



Policy Iteration Algorithm .

-

:

( Instead of iterating value let as

iterate policy )

→ Start with any policy { 80
,

8%80 ,
. . . )

with 8 ,
arbitrary

- -  -

→ calculate the cost

Wp ,
,

i.e
. .

we
.

= E-9%
. )

- '

÷ .

→ Is We
.

= Two
.

?
e-

It yes . then
I

'

It Easy t BEPlusty
.



It not , let

Kei ) = anqy.in
( above RHS )

Again calculate

Wr
,

= ⇐- GPs
,
)

- '

Cp
,

- . .

continue
.

-

AnH⇒ : ( Linear Programming solution ?
n

Max E zci )
i = s

Subject to

dig Ecce , u )t¥I,

Pij Cu ) - G
.

) VIin
(

decision
variable

* of constraints = #of states ) X # of controls )



The LP constraint  €7

z €72 £ The E The - - -
→ War

.

C.e.) Soft of LP is Was
.

-
So fam ,

assumed that I is available for

feedback ,
ice

.

, &ompletely observed ) Markov

decision process ( MD P )
.

More realistic Ease , I is NOT directly
Observable

.

What if We can only observe y =/ K
.



POND P

( Partially Observed Markov

Decision Process )
System :

#

- Pij Cu )
,

ie R
,

u EU

Noida
:

Y = set of observations

p Gs In ) = Its =3 ) sects =D

History dependent policies :

-

ult ) = ft Cobble )
,

- - .

,
Ct )

,
UCD

,

UCD
.

. .  .

left - 'D

I = C I
,

I
, ,

- .

, E.) ← policy



The main result ( in this Markov chain setting ) .
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